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Regular lattices comprising Superconducting QUantum Interference Devices (SQUIDs) form mag-
netic metamaterials exhibiting extraordinary properties, including tuneability, dynamic multistabil-
ity, and negative magnetic permeability. The SQUIDs in a metamaterial interact through non-local,
magnetic dipole-dipole forces, that makes it possible for counter-intuitive dynamic states referred
to as chimera states to appear; the latter feature clusters of SQUIDs with synchronous dynam-
ics which coexist with clusters exhibiting asynchronous behavior. The spontaneous appearence of
chimera states is demonstrated numerically for one-dimensional SQUID metamaterials driven by
an alternating magnetic field in which the fluxes threading the SQUID rings are randomly initial-
ized; then, chimera states appear generically for sufficiently strong initial excitations, which exhibit
relatively long life-times. The synchronization and metastability levels of the chimera states are
discussed in terms of appropriate measures. Given that both one- and two-dimensional SQUID
metamaterials have been already fabricated and investigated in the lab, the presence of a chimera
state could in principle be detected with presently available experimental set-ups.
PACS numbers: 05.65.+b,05.45.Xt,78.67.Pt,89.75.-k,89.75.Kd
I. INTRODUCTION
Superconducting QUantum Interference Device
(SQUID) metamaterials constitute a subclass of su-
perconducting artificial media whose function relies
both on the geometry and the extraordinary proper-
ties of superconductivity and the Josephson effect1,2.
Recent experiments on both one- and two-dimensional
radio-frequency (rf) SQUID metamaterials in the su-
perconducting state have demonstrated their wide-band
tuneability, significantly reduced losses, and dynamic
multistability2–6. The simpest version of an rf SQUID
consists of a superconducting ring interrupted by a
Josephson junction7 (Fig. 1a); that device is a highly
nonlinear resonator with a strong response to applied
magnetic fields. SQUID metamaterials exhibit peculiar
magnetic properties including negative diamagnetic
permeability that were predicted both for the quantum8
and the classical9 regime. The applied alternating fields
induce (super)currents in the SQUID rings, coupling
them together through dipole-dipole magnetic forces;
although weak due to its magnetic nature, that interac-
tion couples the SQUIDs non-locally since it falls-off as
the inverse cube of their center-to-center distance.
The study of networks of interacting nonlinear ele-
ments pervades all of science, from neurobiology to sta-
tistical physics, often revealing remarkable aspects of
collective behaviour10. The effect of non-local interac-
tions, which constitutes the ”dark corner” of nonlinear
dynamics, has been extensively investigated in the last
decade and has unveiled collective dynamic effects such
as synchronization11,12, pattern formation13, and Tur-
ing instabilities14. Recently, a state with a counter-
intuitive structure, usually referred to as a ”chimera
state”, was discovered in numerical simulations of non-
locally coupled oscillator arrays15. Since then, an in-
tense theoretical16–29 and experimental30–40 activity has
been initiated. A ”chimera state” is characterized by
the coexistence of synchronous and asynchronous clusters
(subgroups) of oscillators, even though they are coupled
symmetrically and they are identical41,42. In the present
work, it is demonstrated numerically that this remarkable
collective dynamic behaviour emerges in SQUID meta-
materials which are driven by an alternating magnetic
field in the presence of weak dissipation. The SQUID
metamaterial model which has been used previously in
the weak and local coupling regime, in which each SQUID
is only coupled to its nearest neighbors, for the investiga-
tion of intrinsic localization and tuneability effects43–45,
is being extended to account for non-local magnetic in-
teractions.
Chimera states with very long life-times are obtained
by initializing randomly the fluxes threading the SQUID
rings; the subsequent dynamic evolution yields spon-
taneous formation of clusters of SQUIDs that exhibit
synchronous and asynchronous flux oscillations for suf-
ficiently strong initial flux excitations. Their existence
requires multistability of the individual SQUIDs at fre-
quencies in the region around that of the driving field.
Individual SQUID states with high current amplitude
may customarily be reached from basins of attraction
which are much smaller than those of the states with low
current amplitude. The number of possible states in a
SQUID metamaterial is not merely the sum of the combi-
nations of individual SQUID states, since their collective
behavior may provide many more possibilities. Chimera
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FIG. 1: (Color online) Schematic of an rf SQUID in an al-
ternating magnetic field H(t) (a), and equivalent electrical
circuit (b). The real Josephson junction is represented by the
circuit elements that are in the brown-dashed box. (c) A one-
dimensional SQUID metamaterial is formed by repetition of
the squared unit cell of side d shown in (a).
states are such an example, where qualitatively distinct
and counter-intuitive states emerge from collective dy-
namics. Although chimera states are generally regarded
to be metastable46,47, or even chaotic transients48, there
are also examples where they are at the global mini-
mum of a system in thermal equilibrium, as has been
predicted for Ising spins49. The level of synchronization
and metastability of the chimera states can be however
quantified by several measures46,47. Many different types
of non-local interactions have been employed in the liter-
ature, often exponentially decaying, that allow a particu-
lar system to reach a chimera state. Importantly, chimera
states in globally coupled systems that have been recently
demonstrated29,50, may lead to a revision of their exis-
tence criteria. The magnetic dipole-dipole interaction be-
tween SQUIDs, considered here, although it is still short-
ranged51, it falls-off much slower than the exponentially
decaying one and it is capable of rendering the system
able to support chimera states.
In the next Section, the non-locally coupled SQUID
metamaterial model is presented, and the linear fre-
quency dispersion is obtained. In the same Section, the
complex synchronization (Kuramoto-type) parameter is
defined along with a measure of metastability. In Sec-
tion III, the numerically obtained spatiotemporal evo-
lution of several chimera states are shown, and com-
pared with those of the corresponding locally coupled
SQUID metamaterial. The magnitude of the synchro-
nization parameter is monitored in time both for the non-
locally and the locally coupled SQUID metamaterials,
and the differences are indicated. The metastability of
the chimera states is discussed in terms of the full-width
half-maximum of the distribution of the magnitude of
the synchronization parameter at each time-instant. The
conclusions are given in the last Section.
-3 -2 -1 0 1 2 3
κ
1.25
1.3
1.35
Ω
FIG. 2: (Color online) Frequency dispersion of the SQUID
metamaterial with non-local coupling, for β = 0.1114 (βL ≃
0.7) and λ0 = −0.05 (blue curve); −0.01 (red curve). The
corresponding dispersions for nearest neighbor coupling are
shown as green and black dotted curves, respectively.
II. SQUID METAMATERIAL MODELLING
AND MEASURE OF SYNCHRONIZATION
Consider a one-dimensional linear array of N identical
SQUIDs coupled together magnetically through dipole-
dipole forces. The magnetic flux Φn threading the n−th
SQUID loop is
Φn = Φext + L In + L
∑
m 6=n
λ|m−n|Im, (1)
where the indices n and m run from 1 to N , Φext is the
external flux in each SQUID, λ|m−n| =M|m−n|/L is the
dimensionless coupling coefficient between the SQUIDs
at positions m and n, with M|m−n| being their corre-
sponding mutual inductance, and
− In = C d
2Φn
dt2
+
1
R
dΦn
dt
+ Ic sin
(
2pi
Φn
Φ0
)
(2)
is the current in each SQUID given by the resistively
and capacitively shunted junction (RCSJ) model52, with
Φ0 and Ic being the flux quantum and the critical cur-
rent of the Josephson junctions, respectively. Within the
RCSJ framework, R, C, and L are the resistance, ca-
pacitance, and self-inductance of the SQUIDs’ equivalent
circuit (Fig. 1b). Combination of Eqs. (1) and (2) gives
C
d2Φn
dt2
+
1
R
dΦn
dt
+
1
L
N∑
m=1
(
Λˆ
−1
)
nm
(Φm − Φext)
+Ic sin
(
2pi
Φn
Φ0
)
= 0, (3)
where Λˆ−1 is the inverse of the N ×N coupling matrix
Λˆ =
{
1, if m = n;
λ|m−n| = λ0 |m− n|−3, if m 6= n, (4)
with λ0 being the coupling coefficient betwen nearest
neighboring SQUIDs. In normalized form Eq. (3) reads
3FIG. 3: (Color online) Spatio-temporal evolution of the normalized fluxes φn threading the SQUID rings during four driving
periods T = 5.9 for N = 256, γ = 0.0022, λ0 = −0.05, β = 0.1114 (βL ≃ 0.7), φac = 0.015, and φR = 0.85. (a) for the whole
SQUID metamaterial; (b) for part of the metamaterial that belongs to the coherent cluster; (c) for part of the metamaterial
that includes the incoherent cluster.
(n = 1, ..., N)
φ¨n + γφ˙n + β sin (2piφn) =
N∑
m=1
(
Λˆ
−1
)
nm
(φext − φm) ,(5)
where the frequency and time are normalized to ω0 =
1/
√
LC and its inverse ω−10 , respectively, the fluxes and
currents are normalized to Φ0 and Ic, respectively, the
overdots denote derivation with respect to the normalized
temporal variable, τ , φext = φac cos(Ωτ), with Ω = ω/ω0
being the normalized driving frequency, and
β =
IcL
Φ0
=
βL
2pi
, γ =
1
R
√
L
C
(6)
is the SQUID parameter and loss coefficient, respectively.
The value of βL determines whether a SQUID is hys-
teretic or non-hysteretic (βL > 1 and βL < 1, respec-
tively).
Linearization of Eq. (5) around zero with γ = 0 and
φext = 0 gives for the infinite system
φ¨n +
[
βL +
(
Λˆ
−1
)
nn
]
φn +
∑
m 6=n
(
Λˆ
−1
)
nm
φm = 0. (7)
By substitution of φn = A exp[i(κn− Ωτ)] into Eq. (7),
with κ being the wavevector normalized to d−1, and using
∑
m 6=n
(
Λˆ
−1
)
nm
eiκ(m−n) = 2
∞∑
m=1
(
Λˆ
−1
)
m
cos(κm), (8)
wherem is the ”distance” from the main diagonal of Λˆ−1,
we get
Ω =
√√√√Ω20 + 2
∞∑
m=1
(
Λˆ−1
)
m
cos(κm), (9)
where Ω20 = βL +
(
Λˆ
−1
)
nn
≃ βL + 1. Note that for the
infinite system the diagonal elements of the inverse of
the coupling matrix
(
Λˆ
−1
)
nn
have practivally the same
value which is slightly larger than unity. The frequency
Ω0 is very close to the resonance frequency of individual
SQUIDs, ΩSQ =
√
βL + 1. The nonlocal frequency dis-
persion Eq. (9) is slightly different from that obtained
with only nearest-neighbor coupling (Fig. 2).
Eqs. (5) are numerically integrated in time using
a fourth-order Runge-Kutta algorithm with fixed time
stepping, typically ∆t = 0.02, with φn(τ = 0) ran-
domly chosen from a flat, zero mean distribution in
[−φR/2,+φR/2] and φ˙n(τ = 0) = 0 for all n. The bound-
ary conditions
φ0(τ) = 0, φN+1(τ) = 0, (10)
are used to account for the termination of the structrure
in a finite system. The degree of synchronization for a
given cluster of SQUIDs or for the whole SQUID meta-
material having M elements is quantified by introduc-
ing a complex, Kuramoto-type synchronization parame-
ter Ψ(τ), defined as
Ψ(τ) =
1
M
M∑
m=1
ei[2piφm(τ)]. (11)
The magnitude of the synchronization parameter, |Ψ(τ)|,
provides a global (for the whole metamaterial) or lo-
cal (within a cluster) measure of spatial coherence at
time-instant τ . The value of |Ψ(τ)| lies in the in-
terval [0, 1], where the values 0 and 1 correspond to
complete desynchronization and synchronization, respec-
tively. The mean synchrony level ¯|Ψ|, which is an index of
the global synchronization level, is defined as the average
of |Ψ(τ)| over the time interval of integration47, while the
variance of |Ψ(τ)|, σ2|Ψ|, captures how the degree of syn-
chrony fluctuates in time. Fluctuations of the degree of
synchronization have been associated with the existence
of metastable states and therefore σ2|Ψ| is indicative of the
system’s metastability level46,47.
The parameters used in the simulations are rather typ-
ical for SQUID metamaterials. In Ref.5
4the SQUIDs’ inductance, resistance, and capacitance are
L = 0.12 nH , R = 840 Ω, and C = 0.65 pF , respectively,
while the critical current is 3.7 µA and 1.2 µA at tem-
perature T = 4.2 K and 6.5 K, respectively. Inserting
these values in the first of Eqs. (6), we get for βL the val-
ues 0.44 and 1.3 at T = 4.2 K and 6.5 K, respectively.
Here we use βL = 0.7, which lies in between those values,
while our value of the amplitude of the alternating field
φac = 0.015 lies within the range of values used in the ex-
periments (φac ≃ 0.006− 0.05). The coupling coefficient
between nearest neighbors in Ref.5 has been estimated to
be λ0 ≃ −0.02, using a simple approximation scheme in
which the SQUIDs are regarded as thin rings. However,
a large part of the area of the actual SQUID metama-
terial is filled by superconducting material that the field
cannot penetrate; it is thus expected that more magnetic
flux than that predicted by the simple approximation will
find its way through the SQUID rings, increasing thus
considerably λ0 (we use λ0 = −0.05). The value of the
loss coefficient in our simulations is γ ≃ 0.002, while from
the second of Eqs. (6) and the values given in Ref.5 we
get ∼ 0.02. Although the losses in the SQUIDs can be re-
duced considerably by lowering the temperature without
affecting much the critical currents of the junctions, we
have checked that chimera states also exist for γ of the
order of ∼ 0.02 when compensated by a larger ac field
amplitude φac.
Note that the comparison of the parameters used in the
simulations of the one-dimensional SQUID metamaterial
are compared with those in Ref.5, in which the experi-
ments have been performed on two-dimensional arrays,
merely to show that these are realistic. In this work, we
do not attempt to simulate a particular SQUID metama-
terial. Moreover, the dimensionality of the system does
not affect significantly the estimation of the parameters
that are necessary for the simulations, since they can
be estimated either by the individual SQUID properties
(i.e., β, γ) or by a pair of SQUIDs (i.e., λ0).
III. CHIMERA STATES: LEVELS OF
SYNCHRONIZATION AND METASTABILITY
Chimera states are very sensitive to slight changes of
the model parameters, the parameters of the driving field,
as well as the integration parameters, e.g., the value of
the time-step, and there is indeed a large number of such
states available in a SQUID metamaterial. The chosen
time-step ∆τ = 0.02, in particular, is a typical choice for
systems of nonlinear oscillators that gives reliable results.
Decreasing of the time-step (i.e., to ∆τ = 0.01) leads the
SQUID metamaterial to a different chimera state due to
their high metastability; that state may be either more
or less synchronized than the previous one, depending
on the other parameters. For the chosen parameters,
the system reaches spontaneously dynamical states where
synchronous (coherent) and asynchronous (incoherent)
clusters of SQUIDs coexist, for most of the initial flux
configurations with φR ∼ Φ0. A typical spatiotemporal
flux pattern obtained after 107 time units (t.u.) of inte-
gration is shown in Fig. 3a, where the evolution of the
φns is monitored during four driving periods T = 2pi/Ω.
Two different domains of the array can be distinguished,
in which the fluxes through the SQUIDs are oscillating ei-
ther with low or high amplitude. The enlargement of two
particular subdomains shown in Figs. 3b and 3c reveals
the main feature of a chimera state; besides the differ-
ence in the oscillation amplitudes (i.e., low-high), there
are different dynamic behaviors: the low-amplitude oscil-
lations are completely synchronized (Fig. 3b) while the
high-amplitude ones are desynchronized both in phase
and amplitude (Fig. 3c). Note that since the SQUID
metamaterial is driven at a particular frequency Ω, there
can be no net frequency drift as in phase oscillators15;
instead, the period of each SQUID in the asynchronous
cluster fluctuates around that of the driver, T .
FIG. 4: (Color online) Density plot of the fluxes φn on the
n − τ plane for a non-locally coupled SQUID metamatgerial
with T = 5.9, N = 256, γ = 0.0021, λ0 = −0.05, β = 0.1114
(βL ≃ 0.7), φac = 0.015, and φR = 0.9 (a); φR = 0.8 (b). The
green arrow indicates sudden expansions of the corresponding
asynchronous cluster. (c) The corresponding magnitude of
the Kuramoto parameter averaged over the driving period
T , < |Ψ(τ )| >T as a function of time τ ; the blue and red
curves are obtained for the chimera state shown in (a) and
(b), respectively.
In Figs. 4a and 4b, the long-term spatiotemporal evo-
lution for the fluxes φn is shown as a density plot on the
n − τ plane for two different initial flux configurations;
the values of the φns are obtained at time-instants that
are multiples of the driving period T , so that uniform
(non-uniform) colorization indicates synchronous (asyn-
chronous) dynamics. In Fig. 4a, two large clusters of
SQUIDs have been apparently formed spontaneously, one
with coherent and the other with incoherent dynamics.
5FIG. 5: (Color online) Density plot of the fluxes φn on the
n − τ plane for a locally coupled SQUID metamaterial with
T = 5.9, N = 256, γ = 0.0021, λ0 = −0.05, βL = 0.7
(β ≃ 0.1114), φac = 0.015, and φR = 0.9 (a); φR = 0.8
(b). (c) The corresponding magnitude of the Kuramoto pa-
rameter averaged over the driving period T , < |Ψ(τ )| >T as
a function of time τ ; the blue and red curves are obtained for
the non-uniform states shown in (a) and (b), respectively.
More SQUID clusters (two with synchronous and two
with asynchronous behaviour) can be observed in Fig.
4b, in which the effect of metastability is reflected in the
sudden expansions of the upper asynchronous cluster at
around τ ∼ 0.35 × 107 t.u. (green arrow). In the cor-
responding time-dependent magnitudes of the synchro-
nization parameter averaged over the driving period T ,
< |Ψ(τ)| >T , those sudden expansions make themselves
apparent as abrupt changes towards lower synchroniza-
tion levels (Fig. 4c). By changing the coupling between
the SQUIDs from non-local to local, i.e., by taking into
account the coupling of each SQUID only to its nearest-
neighbours, we obtain the corresponding patterns and
< |Ψ(τ)| >T s shown in Fig. 5. The differences in the
patterns of Figs. 4 and 5 are merely due to the change
of the coupling from non-local to local. As can be ob-
served in Figs. 5a and 5b, the SQUID metamaterial
states are not uniform since a number of clusters have
been formed; however, the dynamics within all these clus-
ters is synchronous. The different states occupied by the
SQUIDs in the metamaterial are close to one of the avail-
able stable states of individual SQUIDs. Although the
dynamics within each cluster is synchronized, the clus-
ters are not synchronized to each other, resulting in a
low degree of synchronization (Fig. 5c). The compari-
son of Figs. 4c and 5c is very illuminating: the curves
obtained for non-locally coupled SQUIDs exhibit a much
lower degree of synchronization than the corresponding
ones for locally coupled SQUIDs (e.g. for the blue curves,
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FIG. 6: (Color online) (a) Spatial profile of the fluxes φn
threading the SQUID rings at τ = 107 time units for the
parameters of Fig. 4. (b) The corresponding averaged voltage
profile < vn(τ ) >T=< φ˙n(τ ) >T . (c) The magnitude of the
synchronization parameter averaged over T , < |Ψ| >T , as a
function of time τ , calculated for the coherent cluster in the
small-blue box (blue curve) and for the incoherent cluster in
the large-green box (green curve) in (a).
< |Ψ(τ)| >T≃ 0.42 and 0.58 for non-local and local cou-
pling, respectively). Moreover, the fluctuations in time
are much stronger in the former case, due to the existence
of asynchronous cluster(s). For zero initial conditions,
both the non-locally and locally coupled SQUID meta-
materials give uniform, competely synchronized states
with < |Ψ(τ)| >T practically equal to unity (not shown).
Note that the fluxes in the asynchronous clusters in Figs.
4a and 4b have in general very high amplitude. Simi-
larly to the local coupling case, they correspond to high-
flux-amplitude individual SQUID states which cannot
be stabilized and therefore they cannot be reached by
the SQUIDs in the locally coupled SQUID metamaterial
which occupy low-flux-amplitude states (Figs. 5a and
5b). In the non-locally coupled SQUID metamaterial,
to the contrary, the additional coupling provided by the
second-nearest, third-nearest, etc., neighbors, is capable
of keeping the SQUIDs close to these high-flux-amplitude
states for long time-intervals.
The spatial profiles of φn and the time-derivatives of
the fluxes averaged over T , < φ˙n(τ) >T≡< vn(τ) >T , at
the end of the integration time (∼ 107 t.u.) of Fig. 4a are
shown in Figs. 6a and 6b, respectively. Note that vn(τ) is
the instantaneous voltage across the Josephson junction
of the n−th rf SQUID. The < vn(τ) >T s, corresponding
to the time-derivatives of the phases of the oscillators
6in Kuramoto-type phase oscillator models, are symmet-
rically distributed around zero. Notably, the shape of
their distribution over the simulation period (not shown)
deviates significantly from a Gaussian profile due to cor-
relations between different non-locally interacting clus-
ters. That type of pattern (Fig. 6b) is distinctly differ-
ent than the standard one for chimera states in phase
oscillator models15, while it resembles the corresponding
one for a globally coupled system of complex Ginzburg-
Landau oscillators50. In Figs. 6a and 6b the synchronous
clusters are indicated by horizontal segments; we observe
that besides the large incoherent cluster extending from
n = 143 to 256, there are actually two small ones (at
around n ∼ 5 and n ∼ 112, more clearly seen in Fig. 6b)
which are not visible in Fig. 4a. The calculated value
of < |Ψ| >T as a function of τ for part of the coherent
cluster in the blue (small) box of Fig. 6a, that extends
from n = 36 to 100, is close to unity for all times (blue
curve in Fig. 6c). The corresponding curve for the large
incoherent cluster in the green (large) box has a signifi-
cantly lower average value and strong fluctuations which
do not decrease with time.
In a real SQUID metamaterial, there is naturally a
spread in the parameter values of individual SQUIDs due
to fabrication-induced imperfections. The most impor-
tant source of disorder comes from the critical current
of the Josephson junctions, which are very sensitive to
the thickness and quality of the insulating layer. As
a result, disorder is induced in the SQUID parameters
β and their eigenfrequencies ΩSQ. However, with the
present technology the spread in β could be less than 1%
of its nominal value, which makes the SQUID metama-
terial weakly disordered, that could affect the observed
chimera states. In order to check the robustness of the
chimera states under that perturbation, we performed
additional simulations in which β is allowed to vary ran-
domly in an interval up to 5% of its nominal value. For
random initial flux configurations, we still obtain chimera
states, although with different profiles, due to their high
metastability, while for zero initial fluxes we obtain low-
amplitude synchronized solutions. We thus conclude that
chimera states are robust to weak disorder, and they can-
not be generated by weak disorder alone in SQUID meta-
materials in the absence of substantial initial fluxes.
The difference in the dynamic behaviour between
SQUIDs in the coherent and incoherent clusters is also
reflected in the power spectra of φn(τ). In Fig. 7, two
such spectra, one for a SQUID in the coherent cluster
(n = 40) and one in the incoherent cluster (n = 190)
of Fig. 4a are shown in logarithmic scale for a range
of frequencies around the fundamental (i.e., the driving)
one. Note that for the chosen parameters, the resonance
frequency ΩSQ ≃
√
1 + βL, of individual SQUIDs is at
ΩSQ ≃ 1.3, while the linear band of the SQUID meta-
material extends from Ωmin ≃ 1.27 to Ωmax ≃ 1.35 (ex-
tracted from the blue curve of Fig. 2). The driving fre-
quency is Ω ≃ 1.06, well below the lower bound of the
linear spectrum, Ωmin. The spectrum for the SQUID at
n = 40 (black curve) exhibits very low noise levels and
a strong peak at the driving frequency Ω. The smaller
peaks in the spectrum of the n = 40 SQUID are also part
of it, and they are located at frequencies within the lin-
ear band of the SQUID metamaterial, i.e., in the range
[Ωmin,Ωmax]. The longer arrow at right points at the
resonance frequency (the eigenfrequency) of individual
SQUIDs which is located at ΩSQ ≃ 1.3. Note that only
a small number of the eigenfrequencies of the SQUID
metamaterial are excited in that spectrum, which seem
to be selected by random processes. To the contrary, the
spectrum for the SQUID at n = 190 exhibits significant
fluctuations, the peak at the driving frequency, and in
addition a frequency region around Ω ∼ 0.9− 1.05 where
the average fluctuation level remains approximatelly con-
stant, forming a shoulder that often appears in such spec-
tra for SQUIDs in an asynchronous cluster of a chimera
state.
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FIG. 7: (Color online) The power spectra of φn(τ ) in log-
arithmic scale for the SQUIDs with n = 40 and n = 190
that belong to the coherent (black curve) and the incoher-
ent (red curve) cluster, respectively, of Fig. 4a. The arrow
at right points at the eigenfrequency of individual SQUIDs,
ΩSQ ≃ 1.3.
In order to determine the metastability levels of the
states obtained in Figs. 4 and 5, the distributions of
x ≡< |Ψ(τ)| >T s, pdf(x), at all time-steps over the sim-
ulation period were calculated (Fig. 8). A transient pe-
riod of 100T (∼ 5900 t.u.) was allowed, for which the
data were discarded. The huge difference of the disper-
sion of the x ≡< |Ψ(τ)| >T values around their mean ¯|Ψ|
between non-locally and locally coupled SQUID metama-
terial shown in Figs. 8a and 8b, respectively, is readily
observed. Consider first the black-solid curves in these
figures, which are actually not symmetric but they could
fit satisfactorily by an empirical skewed Gaussian func-
tion of the form53,54
pdf(x) = pdfm exp
{
− ln(2)
[
1
b
ln
(
1 +
2b(x− xm)
D
)]2}
,
(12)
where pdfm = pdf(xm) is the maximum of the distribu-
tion, xm is the value of x at which the maximum of the
distribution occurs, b is the asymmetry parameter, and
D is related to the full-width half-maximum (FWHM) of
the distribution, W , by
W = D
sinh(b)
b
. (13)
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FIG. 8: (Color online) The distributions (divided by their
maximum value) of < |Ψ(τ )| >T s at all instants of the simu-
lation period (∼ 107 time units with time-step ∆t = 0.02) for
the states shown in Figs. 4 and 5. (a) for the chimera states
of the non-locally coupled SQUID metamaterial shown in Fig.
4a (black-solid curve) and Fig. 4b (red-dashed curve). The
green-dotted curve is a fit with Eq. (12). (b) for the non-
uniform states of the locally coupled SQUID metamaterial
shown in Fig. 5a (black-solid curve) and Fig. 5b (red-dashed
curve).
The green-dotted curve in Fig. 8a is a fit of the black-
solid distribution with b = 0.37 and D = 0.0116, while
pdfm and xm are taken from the calculated distribu-
tion. That fit, and the corresponding one for the black-
solid curve in Fig. 8b give, respectively, Wnl ≃ 0.012
and Wloc ≃ 0.0008 for the non-locally and locally cou-
pled SQUID metamaterial. For the quantification of the
metastability level, we use here the FWHM of the dis-
tributions, which for a symmetric Gaussian is directly
proportional to the standard deviation σ|Ψ|. Similarly,
the squares of Wnl and Wloc are proportional to the
variance σ2|Ψ| which is a measure of the metastability
level. The squares of the calculated FWHMs, Wnl and
Wloc, differ by more than two orders of magnitude, i.e.,
(Wnl/Wloc)
2 ≃ 225, indicating the high metastability
level of the chimera state compared to that of the cor-
responding non-uniform state. Note that for uniform
states, that result for zero initial conditions both for non-
locally and locally coupled SQUID metamaterials, the
FWHM is pactically zero. In Fig. 4b, the high metasta-
bility level results in breaking the quasi-stationarity of
the chimera state that lasts for ∼ 0.35×107 t.u. through
sudden expansions of the upper asynchronous cluster.
In that case, the corresponding distribution looks like
a ”multimodal” one with three peaks (red curve of Fig.
8a); each of them may be however fitted to a skewed
Gaussian of the form of Eq. (12). The FWHM for
each peak is roughly two order of magnitudes larger than
that of the distribution of the corresponding non-uniform
state (red curve in Fig. 8b).
IV. CONCLUSIONS
Chimera states are surprising spatiotemporal patterns
in which regions of coherence and incoherence coexist.
While they were initially discovered in numerical simu-
lations, they have been subsequently observed in several
experiments. Notably, these experiments do not merely
confirm the numerical and theoretical predictions, but
they also reveal other types of interesting collective dy-
namic behaviour. SQUID metamaterials, which com-
prise non-locally coupled, nonlinear resonant elements,
are physical systems where chimeras or other collective
effects could be in principle detected. The emergence of
long-lived chimera states in SQUID metamaterials could
be acheived by randomly initializing the fluxes thread-
ing the SQUID rings. Random initial flux configura-
tions could be achieved by thermal quenching, i.e., by
cooling down the SQUID metamaterial through its su-
perconducting transition temperature. As it has been
demonstrated in superconducting loops55 and supercon-
ducting thin-film rings56, spontaneous fluxoid formation
may occur through the Kibble-Zurek scenario or by ther-
mal activation, respectively. The Kibble-Zurek scenario
has been also confirmed in a multi-Josephson junction
superconducting loop57. In SQUIDs, however, fluxoid
conservation is only approximate, and practically non-
existent in non-hysteretic SQUIDs that are considered
here. Thus, we would expect that thermal quenching of
the SQUID metamaterial could result in a random initial
flux configuration, in which the fluxes can take any value
(i.e., not only integer multiples of the flux quantum).
Note that the random flux configuration is just one pos-
sible choice of initial conditions for which chimera states
could be observed in SQUID metamaterials.
Our numerical simulations rely on a realistic model,
which is capable of reproducing experimental findings
such as the tuneability patterns of two-dimensional
SQUID metamaterials which are obtained by varying an
applied dc flux5,58. These simulations indicate that in
many cases the coherent and incoherent clusters that
make a chimera state maintain their individual sizes for
very long times (> 107 t.u.). During the integration, in-
duced instabilities may lead to sudden expansion of the
incoherent cluster(s), or to the desynchronization of nar-
row coherent clusters. The inherent metastability of the
chimera states presented here for the non-locally coupled
SQUID metamaterials can be quantified by the strength
of the fluctuations of < |Ψ(τ)| >T . The corresponding
locally coupled SQUID metamaterials, in which the in-
teraction between SQUIDs is limited to their first neigh-
bors, supports non-uniform solutions which however are
not chimeras. Although both types of states may exhibit
a low degree of synchronization, monitored as a function
of τ by < |Ψ(τ)| >T , the fluctuations of the latter in
time are much stronger for chimera states than for non-
uniform states (more than two orders of magnitude, for
the cases shown). Due to their high metastability levels,
chimera states are very sensitive to even slight parame-
ter variations. SQUID metamaterials, both in one and
two dimensions, have been already fabricated, and some
of their dynamical properties have been investigated2.
Thus, chimera states could in principle be detected with
the presently available experimental set-ups.
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